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E-mail address: vkushch@bigmir.net (V.I. Kushch).A complete solution has been obtained of the elasticity problem for a plane containing a ﬁnite array of
partially debonded circular inclusions, regarded as the open-crack model of ﬁbrous composite with inter-
face damage. A general displacement solution of the single-inclusion problem has been derived by com-
bining the complex potentials technique with the newly derived series expansions. This solution is valid
for any non-uniform far load and is ﬁnite and exact in the case of polynomial far ﬁeld. Applying the super-
position principle expands this theory to the multiple inclusion problem and provides a simple and rap-
idly convergent iterative algorithm. The presented numerical data show an accuracy and numerical
efﬁciency of the proposed method and discover the way and extent to which the elastic interaction
between the partially debonded inclusions affects the local ﬁelds, stress intensity factors and the energy
release rate at the interface crack tips.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Interface debonding in the form of arc cracks is a common dam-
age in the ﬁber reinforced composites which affects greatly their
mechanical behavior and hence must be taken into account prop-
erly in the predictive models. The most work done up to now in the
micromechanics of ﬁbrous composites concerns the materials with
perfect interfaces. A relatively few publications can be found where
the models explicitly involving the interface cracks were studied.
The open interface crack for a single circular inclusion embedded
in an inﬁnite plate had been solved by England (1966), Perlman
and Sih (1967), Toya (1974) who obtained the closed-form solu-
tions by reducing the interface crack problem to the Riemann-Hil-
bert problem (e.g., Muskhelishvili, 1953). The problem of an
interface crack around a rigid elliptical inclusion was solved by
Sendeckyj (1974) and Toya (1975), the body force method has been
applied by Chen and Nakamichi (1996) to obtain the solution for
the debonded elliptical elastic inclusion. In all these works, the uni-
form far load was assumed.
The known analytical solutions for the non-uniform far stress
ﬁeld are conﬁned to the works by Prasad and Simha (2003) and
Theotokoglou and Theotokoglou (2002) where the concentrated
force and dislocation applied at the point in the matrix containing
a single partially debonded circular inclusion were considered. In
the last work, the obtained solution was used as the Green’s func-
tion in the singular integral equation for the problem of the arc-
debonding interacting with a crack in the matrix. To solve thell rights reserved.problem for multiple inclusions with interfacial damage, Crouch
and Mogilevskaya (2006) applied the Fourier series method. The
suggested solution does not attempt to represent crack tip asymp-
totes and hence requires a large number of harmonics to be taken
into account even for the single-inclusion problem. In order to sup-
press oscillations inherent in Fourier series representation of func-
tions with jump discontinuities, the method of local smoothing
was applied. Recently, a series of papers (Caporale et al., 2006;
Teng, 2007; Aghdam et al., 2008; Maligno et al., 2009; among oth-
ers) has been published where the ﬁnite element analysis of the
unit cell model of periodic composite with partially debonded
ﬁbers was done. The authors are unaware of publications where
an elastic interaction of two or more interacting inclusions with
interface cracks were studied. At the same time, an adequate
account for interactions between the inhomogeneities is a prere-
quisite to successful predicting the mechanical behavior of
composite.
The aim of this paper is to develop an efﬁcient analytical tool for
computer simulation of the interface damage initiation and accu-
mulation in the unidirectional ﬁber reinforced composite. Speciﬁ-
cally, we consider the linear elasticity problem for a transversely
loaded ﬁbrous composite modeled by a plane containing a ﬁnite
array of partially debonded circular inclusions. The open model
of interface cracks is adopted. The single-inclusion problem is con-
sidered ﬁrst and the general explicit solution, valid for any non-
uniform far load, has been derived using the complex potentials
technique and the newly derived series expansions. Written in dis-
placements, this solution takes a closed form in the case of ﬁnite
polynomial far ﬁeld. Then, we apply the superposition principle
which expands this theory to the multiple inclusion problem and
Fig. 1. Single inclusion with interface crack.
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Numerical study of several test problems is performed. It shows
high accuracy and numerical efﬁciency of the proposed method
and discover the way and extent to which the local ﬁelds, stress
intensity factors and the energy release rate at the interface crack
tips can be affected by elastic interaction between the partially
debonded inclusions.
2. Preliminaries
Muskhelishvili (1953) has suggested the following general form
of complex displacement solution u = u1 + iu2 in terms of two scalar
complex potentials, u and w:
2luðzÞ ¼ ,uðzÞ  zu0ðzÞ  wðzÞ: ð1Þ
In (1), z = x1 + ix2 = qexp(ih) is the complex plane variable,
, ¼ 3 4m is the Kolosov constant for the plane strain problem
we consider, l is the shear modulus and m is the Poisson ratio of lin-
early elastic material. Also, the prime means a derivative with re-
spect to the argument and over bar means a complex conjugate.
Provided the displacement u = ur is regular (i.e., possesses no singu-
larity points) in a certain vicinity of z = 0, the corresponding poten-
tials ur and wr can be expanded into Taylor power series
urðzÞ ¼
X1
n¼0
anzn; wrðzÞ ¼
X1
n¼0
bnzn; ð2Þ
where, with no loss in generality, one can put b0 = 0. Here and be-
low, the ‘‘r” subscript is used to denote the regular ﬁeld-related
quantities whereas the singular ﬁelds and their potentials are
marked by the ‘‘s” subscript.
In what follows, we suggest somewhat different, although
equivalent to (1), general form of the complex displacement,
namely
2luðzÞ ¼ ,uðzÞ  z 1
z
 
u0ðzÞ x 1
z
 
; ð3Þ
where x(z) is the complex potential related to u and w by
xðzÞ ¼ zu0 1
z
 
þ w 1
z
 
: ð4Þ
Representation (3) is equivalent to (1) but advantageous in that it
takes a simple form at the circle L deﬁned by the condition |z| = 1:
2luðtÞ ¼ ,uðtÞ x 1
t
 
; t 2 L: ð5Þ
The Cartesian components of the corresponding stress tensor r are
expressed in terms of the derivative complex potentials U(z) = u
0
(z)
and X(z) =x
0
(z) as
r11 þ r22
2
¼ UðzÞ þUðzÞ;
r22  r11
2
þ ir12 ¼ z 1z
 
U0ðzÞ þ 1
z2
UðzÞ X 1
z
  
:
ð6Þ
The complex interface traction
T ¼ rqq þ irqh ¼ UðzÞ þ 1 1zz
 
UðzÞ  zU0ðzÞ½  þ 1
zz
X
1
z
 
ð7Þ
also takes a simple form for t 2 L:
TðtÞ ¼ UðtÞ þX 1
t
 
: ð8Þ
It becomes evident from (8) that the suggested form of displace-
ment solution (3) is equivalent to that one written in terms of‘‘stress” potentials U(z) and X(z) by Muskhelishvili (1953) and, in
terms of Wj(z), by Milne-Thomson (1960).
Now, we come back to (2) and show how to evaluate the expan-
sion coefﬁcients with aid of (5). It follows from (4) that the xr(z)
series expansion is
xrðzÞ ¼
X1
n¼1
cnzn; where cn ¼ ðnþ 2Þanþ2 þ bn: ð9Þ
The series expansion coefﬁcients an and cn can be found provided
we know ur(t), where t = exp(ih) 2 L(|z| = 1). First, we calculate,
either analytically or numerically, the Fourier coefﬁcients
Ik ¼ 2l2p
Z 2p
0
urðtÞtk dh: ð10Þ
Then, taking into consideration (5), (2) and (9) gives us
ak ¼ Ik=,; k > 1; ck ¼ Ik; k < 0;
,a0  c0 ¼ I0; ,a1  c1 ¼ I1:
ð11Þ
It follows from (9) that c1 ¼ a1 and c0 ¼ 2a2; together with (11),
they form a closed set of equations from where all the expansion
coefﬁcients are determined uniquely.
3. Displacement solution for a single inclusion
3.1. Problem statement
Let us consider the homogeneous material (matrix) domain
with the elastic moduli l0 and m0 where the complex regular dis-
placement ﬁeld ur(z) is prescribed. We insert these a circular inclu-
sion of radius R = 1 and elastic moduli l1 and m1, centered in the
point z = 0. It causes local disturbance us vanishing at inﬁnity and
depending, among other factors, on the elastic contact between
matrix and inclusion. We suppose the part Lc of interface L deﬁned
by the endpoints zj = exp(ihj), j = 1,2 (Fig. 1) separated, the remain-
ing part Lb = LnLc being perfectly bonded.
In the adopted by us open-crack model, the traction-free crack
surface is assumed. The relevant boundary conditions are
½½uLb ¼ ½½TLb ¼ 0; TjLcþ ¼ TjLc ¼ 0: ð12Þ
Here, ½½f L ¼ f jLþ  f jL denotes the function f jump through the inter-
face L, L+ and L are the matrix and inclusion, respectively, sides of
interface L. In order to simplify the subsequent formulas, we intro-
duce the crack-related complex variable f = f1 + if2 by the formula
f = z/zc, where zc = exp(ihc) is the crack midpoint: hc = (h1 + h2)/2. In
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lue problem (12) in the form
2ljujðfÞ ¼ ,jujðfÞ  f
1
f
 
u0jðfÞ xj
1
f
 
; ð13Þ
j = 0 for matrix and j = 1 for inclusion.
The fact is that the problem (12) possesses multiple solutions
and, in order to select the mechanically meaningful solution, we
impose two additional conditions. Speciﬁcally, we require (a) the
displacement disturbance us to vanish at inﬁnity and (b) the dis-
placement u1 to be ﬁnite inside the inclusion:
u0ðfÞ !jfj!1urðfÞ; ju1ð0Þj ¼ const <1: ð14Þ
The conditions (14) complete the problem statement and provide
uniqueness of solution.
3.2. General form of potentials
Based on the analysis done by Theotokoglou and Theotokoglou
(2002), we suggest the following form of the potentials uj and xj:
u0ðfÞ ¼
ð1 aÞ
2
f ðfÞ þ ð1 bÞ
2
hðfÞRkðfÞ;
x0ðfÞ ¼  ð1 aÞ2 f ðfÞ þ
ð1þ bÞ
2
hðfÞRkðfÞ;
u1ðfÞ ¼
ð1þ aÞ
2
f ðfÞ þ ð1þ bÞ
2
hðfÞRkðfÞ;
x1ðfÞ ¼  ð1þ aÞ2 f ðfÞ þ
ð1 bÞ
2
hðfÞRkðfÞ:
ð15Þ
Here,
a ¼ l1ð,0 þ 1Þ  l0ð,1 þ 1Þ
l1ð,0 þ 1Þ þ l0ð,1 þ 1Þ
; b ¼ l1ð,0  1Þ  l0ð,1  1Þ
l1ð,0 þ 1Þ þ l0ð,1 þ 1Þ
ð16Þ
are known as the bi-material constants (Dundurs, 1969),
RkðfÞ ¼ ðf fdÞ
1
2þikðf fdÞ
1
2ik; ð17Þ
f(f) and h(f) are the analytical functions to be found. In the intro-
duced by Toya (1974) function (17), fd = exp (ihd) where
hd = (h2  h1)/2P 0 is the semi-length of arc crack and
k ¼  log 1b1þb
 .
2p. In view of (5) and (8), it is straightforward to
prove that the boundary conditions (12) are fulﬁlled exactly pro-
vided the potentials uj and xj are taken in the form (15), with arbi-
trary f(f) and h(f). Differentiation of (15) gives the analogous
expressions of Uj and Xj: for example,
U0ðfÞ ¼ ð1 aÞ2 FðfÞ þ
ð1 bÞ
2
HðfÞXkðfÞ; ð18Þ
where
FðfÞ ¼ f 0ðfÞ; HðfÞ ¼ ðf2  2f0fþ 1Þh0ðfÞ þ ðf f0  2kImfdÞhðfÞ;
ð19Þ
f0 = Refd and
XkðfÞ ¼ ðf fdÞ
1
2þikðf fdÞ
1
2ik: ð20Þ
As easy to see, the formula (18) is quite analogous to that one de-
rived by Theotokoglou and Theotokoglou (2002).
The functions f(f) and h(f) are problem-dependent: say, for the
Eshelby-type problem for a single inclusion and uniform far load
r1
f ðfÞ ¼ f1fþ f1=f; hðfÞ ¼ h0 þ h1=f; ð21Þ
wheref1 ¼ CU1ð0Þ; f1 ¼ C0;
h0 ¼ ð1þ aÞCþ ð1 aÞU1ð0Þð1 bÞ ; h1 ¼
ð1þ aÞC0
ð1þ bÞXkð0Þ ;
C ¼ r
1
11 þ r122
4
; C0 ¼ r
1
22  r111
2
þ ir112:
ð22Þ
As seen, the displacement solution is remarkably simple and com-
pact as compared with the stress solution by Toya (1974). To the
best knowledge of the authors, the general type loading was not
considered yet even for this simple geometry. The available in liter-
ature cases of non-uniform loading are conﬁned to concentrated
(point) force and dislocation, see Theotokoglou and Theotokoglou
(2002) and Prasad and Simha (2003).
3.3. Solution for arbitrary far load
Let the far load is deﬁned by the displacement ur(f) in the form
(3). The series expansion coefﬁcients an and cn of the corresponding
potentials ur and wr, respectively, can be found from (10) and (11)
so we consider them as the input parameters. We split the matrix
displacement u0 into a sum u0 (f) = ur(f) + us(f) where the singular
term us(f) represents the disturbance ﬁeld caused by inclusion and
vanishing at inﬁnity. The ﬁrst condition in (14) implies
u0(f)? ur(f) and x0(f)?xr(f) given |f|?1. Below, we use the
following power series expansion derived with aid of formula
(A.6), Appendix A:
hðfÞRkðfÞ ¼
P
ng
ð1Þ
n f
n; jfj > 1;P
ng
ð2Þ
n f
n; jfj < 1;
(
ð23Þ
where
gð1Þn ¼
X1
m¼0
Rð1Þm ðfd; kÞhnþm1; gð2Þn ¼
X1
m¼0
Rð2Þm ðfd; kÞhnm: ð24Þ
In (24), the coefﬁcients Rð1Þm and R
ð2Þ
m are given by (A.7) and (A.8),
respectively; hk are the Laurent coefﬁcients of h(f) series expansion:
f ðfÞ ¼
X
n
fnf
n; hðfÞ ¼
X
n
hnf
n: ð25Þ
We substitute (23) and (25) into (15) and then into the ﬁrst of con-
ditions (14). The corresponding condition for the potential u0 takes
the form
u0ðfÞ ¼
ð1 aÞ
2
X
n
fnf
n þ ð1 bÞ
2
X
n
gð1Þn f
n !
X1
n¼0
anf
n ð26Þ
and gives a set of algebraic equations
ð1 aÞfn þ ð1 bÞgð1Þn ¼ 2an; nP 0: ð27Þ
Analogously, the limit x0(f)?xr(f) yields
ð1 aÞfn þ ð1þ bÞgð2Þn ¼ 2cn; n < 0: ð28Þ
The second condition in (14) means ﬁniteness of displacement in-
side the inclusion including the point z = 0. Consideration analogous
to that described above leads to
ð1þ aÞfn þ ð1þ bÞgð2Þn ¼ 0; n < 0; ð29Þ
and
ð1þ aÞfn þ ð1þ bÞgð2Þn ¼ dn1 ð1þ aÞf1 þ ð1þ bÞgð1Þ1
h i
; n > 0;
ð30Þ
where dnm is the Kronecker’s delta. Eqs. (27)–(29) are readily re-
solved to get
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ð1þ aÞ
ð1þ bÞ cn; n < 0;
fn ¼ an; gð1Þn ¼
ð1þ aÞ
ð1 bÞ an; n > 1:
ð31Þ
After we have gð1Þn and g
ð2Þ
n known, the coefﬁcients hn can be found
from the relations (24), considered as a set of linear algebraic equa-
tions. An alternate, advantageous way consists in analytical invert-
ing this system with aid of the identity (A.15), which gives us the
explicit formulas
hk ¼
X1
l¼kþ1
Xð1Þlk1ðfd;kÞgð1Þl ðk > 0Þ;
hk ¼
Xk
l¼1
Xð2Þklðfd;kÞgð2Þl ðk < 0Þ:
ð32Þ
The remaining coefﬁcients f0, f1 and h0 are determined in the same
way, by matching the limiting behavior of low-order (n = 0,1) har-
monics. After some algebra, we come to the following formulas:
f1 ¼ ReM1M2 þM3 þ i
ImM1
M2 M3 ; ð33Þ
where
M1 ¼ 2a1ð1þ bÞ  R
ð2Þ
0 h1 
X1
k¼1
Rð2Þ1khk
" #,
Rð2Þ1 
2a1
ð1 bÞ þ
X1
k¼1
Rð1Þk hk;
M2 ¼ ð1þ aÞð1þ bÞRð2Þ1
 ð1 aÞð1 bÞ ; M3 ¼
2
ð1þ bÞRð2Þ1
;
ð34Þh0 ¼ 2a1ð1 bÞ 
ð1 aÞ
ð1 bÞ f1 
X1
k¼1
Rð1Þk hk ð35Þ
and
f0 ¼ 2ð,0a0  c0Þ þ ð1þ bÞg
ð2Þ
0  ,0ð1 bÞgð1Þ0
ð1 aÞð,0 þ 1Þ : ð36Þ
In (36), gð1Þ0 and g
ð2Þ
0 are given by (24).
The series solution we have derived is exact and valid for the
arbitrary non-uniform far ﬁeld ur: in fact, all we need to know is
ur(t), t 2 L. In the case of ﬁnite polynomial ur, we get the closed-
form solution.3.4. Stress intensity factor
Following Chen and Nakamichi (1996) and Theotokoglou and
Theotokoglou (2002), we deﬁne the complex stress intensity factor
(SIF) Kj ¼ KðjÞI þ iKðjÞII at the tip zj(j = 1,2) of interface arc crack
(Fig. 1) as
K1 ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
t!z10
jt  z1j
1
2þikTðtÞ;
K2 ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
t!z2þ0
jt  z2j
1
2ikTðtÞ: ð37Þ
It follows from (8) and (18) that at the bonded part of interface Lb
the complex traction
TðtÞ ¼ UðtÞ þXðtÞ ¼ HðtÞXkðtÞ; ð38Þ
here, the singular terms appear only in Xk. The appropriately scaled
limiting values of Xk at the crack tips are (Theotokoglou and Theo-
tokoglou, 2002)f1 ¼ lim
t!z10
jt  z1j
1
2þikXkðtÞ ¼ ij2Imfdj
1
2þikðfdÞ
1
2þik;
f2 ¼ lim
t!z2þ0
jt  z2j
1
2ikXkðtÞ ¼ ij2Imfdj
1
2ikðfdÞ
1
2ik;
ð39Þ
so we get
K1 ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
f1HðfdÞ; K2 ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
f2HðfdÞ; ð40Þ
where H(f) is given by (19). The deﬁned by Theotokoglou and Theo-
tokoglou (2002) normalized SIFs take in our notations the form
K1 ¼
K1ﬃﬃﬃﬃﬃﬃ
2p
p
ð12 ikÞð2hdÞ
1
2þik
; K2 ¼
K2ﬃﬃﬃﬃﬃﬃ
2p
p
ð12þ ikÞð2hdÞ
1
2ik
: ð41Þ
Finally, the strain energy release rate Gj in the crack tip is expressed
in terms of Kj by the formula (Hutchinson et al., 1987)
Gj ¼ G0KjKj; G0 ¼ 116 cos2ðpkÞ
,0 þ 1
l0
þ ,1 þ 1l1
 
; j ¼ 1;2:
ð42Þ4. A ﬁnite number of interacting inclusions with interface
cracks
Now, we consider the plane containing a ﬁnite number Np > 1 of
partially debonded inclusions centered in the points Zp = X1p + iX2p,
p = 1,2, . . . ,Np. In order to reduce the number parameters and to sim-
plify the notations, the inclusions are assumed identical, of radius
R = 1 and elastic moduli l1 and m1. The non-overlapping condition is
|Zpq| > 2R, where Zpq = Zq  Zp = X1pq + iX2pq is the complex number
deﬁning relativepositionof the inclusions indexedbyp andq. Besides
the global complex variable z, we introduce the local, inclusion-asso-
ciated variables zp = z  Zp; they relate each other by zq = zp  Zpq. The
remaining notations are the same as in Section 3, with adding the
inclusion index: say, zðpÞi ¼ expðihðpÞi Þ are the tips of the arc interface
crack LðpÞi ; h
ðpÞ
c ¼ ðhðpÞ1 þ hðpÞ2 Þ=2; zðpÞc ¼ expðihðpÞc Þ, etc. The farﬁeld is ta-
ken in the form of uniform stress tensor: r1 = const. The associated
far linear displacement ﬁeld is u1ðzÞ ¼ ð,0  1ÞCz C0z, where
C ¼ ðr111 þ r122Þ=4 and C0 ¼ ðr122  r111Þ=2þ ir112 (Muskhelishvili,
1953).
Following the superposition principle, we write the total dis-
placement ﬁeld u0 in the matrix domain as a sum of the far ﬁeld
u1 and the disturbance ﬁelds uðpÞs caused by each individual
inclusion:
u0ðzÞ ¼ u1ðzÞ þ
XNp
p¼1
zðpÞc u
ðpÞ
s ðfpÞ; ð43Þ
where fp ¼ zp=zðpÞc and where the displacements are summed up in
the same (global) coordinate system. Considering that uðpÞs ðfpÞ ! 0
for fp?1, we write the local expansion of u0(z) in a vicinity of
qth inclusion as
u0ðfqÞ ¼ zðqÞc uðqÞr ðfqÞ þ uðqÞs ðfqÞ
	 

: ð44Þ
Here, uðqÞr ðfqÞ is a sum of far ﬁeld and the disturbance ﬁelds from all
inclusions excluding that one with p = q:
zðqÞc u
ðqÞ
r ðfqÞ ¼ u1ðzÞ þ
XNp
p – q
zðpÞc u
ðpÞ
s ðfpÞ: ð45Þ
Provided the right hand side of (45) (i.e.,C; C0; f ðpÞn and h
ðpÞ
n for p– q)
is known, the uðqÞr series expansion coefﬁcients a
ðqÞ
k and c
ðqÞ
k can be
found from (11) where, in view of (45), Ik (10) are calculated as
IðqÞk ¼
2l0
2pzðqÞc
Z 2p
0
u1ðZqþzðqÞc tqÞþ
XNp
p– q
zðpÞc u
ðpÞ
s
Zpqþ zðqÞc tq
zðpÞc
 !" #
tkq dhq: ð46Þ
Then, determination of the coefﬁcients f ðqÞn and h
ðqÞ
n follows the pro-
cedure exposed in the previous section. Now, we have in hand all
V.I. Kushch et al. / International Journal of Solids and Structures 47 (2010) 1961–1971 1965the necessary formulas to get numerical solution of the problem. To
this end, we apply the following iterative algorithm. First, we deﬁne
the max order Nh of harmonics retained in all the above series
expansions for practical computations. The proper choice of Nh is
discussed in the next section. The single-inclusion solution (21)
and (22) for each inclusion taken individually seems to be a reason-
able choice of the initial guess: aðqÞn;0 ¼ dn1C; bðqÞn;0 ¼ dn1C0; f ðqÞn;0 ¼ fn
and hðqÞn;0 ¼ hn ðq ¼ 1;2; . . . ;Np; jnj 6 NhÞ. The iteration loop com-
prises the following ﬁve steps.
Step 1: substituting these parameters into (44) and (45) and
uðqÞr ðfqÞ calculation.
Step 2: putting the obtained values into (46) and numerical inte-
gration to get a new approximation IðqÞk;1; jkj 6 Nh.
Step 3: applying the formula (11) to ﬁnd the expansion coefﬁ-
cients aðqÞn;1 (0 6 n 6 Nh) and c
ðqÞ
n;1 ðNh 6 jnj 6 1Þ.
Step 4: f ðqÞn;1 and h
ðqÞ
n;1 evaluation for |n| 6 Nh using the formulas
(31)–(36);
Step 5: depending on the convergence criterion value, we either
terminate the iterations or return to the step 1.
The above algorithm has been implemented by means of Wolfram
Mathematica 5.0 software. As numerical study shows, the conver-
gence rate of this iterative procedure is sufﬁciently high even for
the closely placed inclusions, with a typical number of iterations
Nit  20 for |Zpq| = 2.1R.
The suggested iterative procedure is an easy and compact way
to get numerical solution with a minimum algebra: however, its
convergence is not proven theoretically. An alternate direct,
although somewhat more laborious, approach consists in obtaining
the resolving inﬁnite linear system in explicit form and solving it
by the truncation method. In this case, a rather straightforward
proof of the series solution convergence is based on studying an
asymptotic behavior of the matrix elements and applying the Kant-
orovich and Krylov (1964) theorem. Recently, this approach has
been applied by Kushch (2010) to solve the potential theory prob-
lem for a composite with partially debonded ﬁbers.5. Numerical examples
The problem we consider has a number of parameters and its
comprehensive parametric study deserves a separate paper. Here,
we give a few numerical examples showing (a) an accuracy and-0.75 -0.25
Fig. 2. Isolines of ux displacement aroundconvergence rate of the proposed method and (b) the way and ex-
tent to which the local ﬁelds and singular parameters (SIF and ERR)
are affected by interaction between the inclusions with partially
debonded interfaces.
The theoretical solution we found is complete and obtained in a
rigorous way. This solution involves the inﬁnite series and hence,
in order to get the exact values for the multi-inclusion problem,
one has to solve a whole inﬁnite set of linear equations. In the prac-
tical computations, only a ﬁnite number Nh of terms (Fourier har-
monics) is retained in the series (2), (24) and (25). Hence, we get
a certain approximation (convergent with Nh?1), so the numer-
ical solution can be regarded as an asymptotically exact one be-
cause any desirable accuracy can be achieved by the Nh proper
choice. Say, for the well-separated inclusions even Nh = 1 may ap-
pear to be a reasonable choice. The smaller distance between the
inclusions (and, especially, between the neighbor crack tips) is,
the higher Fourier harmonics should be retained in the numerical
solution in order to ensure appropriate accuracy of computations.
For a given Nh, the numerical integration formula with as many
as 2Nh uniformly distributed integration points is appropriate for
evaluation of the Fourier coefﬁcients (46).
In all test problems but the last one, themodel geometry is a plane
with two inclusions (Np = 2) placed along the x1-axis ðXð1Þ2 ¼ Xð2Þ2 ¼ 0Þ
and separated by the distance Z12 ¼ DX ¼ Xð2Þ1  Xð1Þ1 : The material
properties are taken following Toya (1974): m0 = 0.35, m1 = 0.22 and
l1/l0 = 44.2/2.39. In all the examples, the far load is uniaxial tension
r111 ¼ 1: In Fig. 2, the ux isolines are shown around the partially
debonded inclusions with the interface arc cracks parameters
hð1Þd ¼ hð2Þd ¼ p=6; hð1Þc ¼ p=6 and hð2Þc ¼ 5p=6. This geometry is
deliberately chosen to produce high local ﬁeld gradients in the area
between the cracks, making the test problem tough for analysis.
The convergence rate of series solution can be estimated from
Table 1, where the normalized SIFs Kð1ÞI and K
ð1Þ
II are given as a
function of the separation distance DX and the number of harmon-
ics Nh. In the limiting case DX =1 (single-inclusion problem), the
formula (41) gives the values KI ¼ 1:351 and KII ¼ 0:354. As seen
from the table, SIF Kð1ÞII is weakly affected by the another inclusion.
At the same time, Kð1ÞI is growing rapidly with the inclusions
drawn together and for DX = 2.1 exceeds almost three times SIF
for a single inclusion. Also, DX decrease affects the convergence
rate: for DX = 3.0, already Nh = 10 provides a four-digit accuracy
of SIF evaluation. To reach the same accuracy, we need Nh = 15
for DX = 2.5 and Nh = 25 for DX = 2.2; for DX = 2.1, as many as 400.750.25
two partially debonded inclusions.
Table 1
Convergence test: two partially debonded inclusions.
Nh DX = 3 D X = 2.5 DX = 2.2 DX = 2.1
Kð1ÞI K
ð1Þ
II K
ð1Þ
I K
ð1Þ
II K
ð1Þ
I K
ð1Þ
II K
ð1Þ
I K
ð1Þ
II
1 1.466 0.436 1.504 0.480 1.526 0.519 1.531 0.532
3 1.632 0.434 1.834 0.505 2.055 0.615 2.137 0.693
5 1.681 0.394 1.990 0.377 2.396 0.337 2.570 0.346
10 1.698 0.401 2.093 0.413 2.783 0.421 3.178 0.444
15 1.698 0.401 2.107 0.415 2.940 0.450 3.539 0.507
20 1.698 0.401 2.109 0.415 3.004 0.446 3.760 0.505
25 1.698 0.401 2.109 0.415 3.006 0.443 3.900 0.478
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that we explore the ‘‘worst” point: in all other sites, the conver-
gence rate for r (and even more so for u) is substantially higher.
There is a good practice to validate the newly developed meth-
od by comparing it with the known solutions obtained in a differ-
ent way. The authors are unaware of the available solutions for the
multiple, partially debonded inclusions. In order to check an accu-
racy of the presented numerical data, the considered test problems
were solved also by the Finite Element Method (FEM). An analysis
has been performed using the 6-node elements with two degrees
of freedom at each node and quadratic displacement behavior.
Typical FE mesh contained approximately 50,000 elements, with
a proper mesh reﬁnement in the area between inclusions (at least
six rows of elements) and around the crack tips.
In Fig. 3, the curves represent the interface stress rqq(h) and
rqh(h) at the 1st inclusion with interface crack obtained by the
developed method, the corresponding FEM data are shown by
the open circles and squares. Comparison of these and other (see
Figs. 4–6) numerical data shows their practical coincidence every-
where but a very close vicinity of the crack tip where expectedly,
FE solution is somewhat less accurate. This fact can be regarded
as a proof of the theoretical method and accuracy of the reported
numerical results.
The well-known fact is that elastic interaction of hard inclusions
causes interface stress concentration exceeding several times that
one on the isolated inclusion (e.g., Kushch et al., 2008). First, we
consider two perfectly bonded inclusions (hðjÞd ¼ 0 in the above
solution). In Fig. 4, the stress rqq(h2) variation along the interfaceFig. 3. Interface stress rqq(h) and rqh(h) atof 2nd inclusion is shown. With DX decrease, the interface normal
stress grows rapidly in the area between inclusions h2  p and re-
mains practically unchanged the outer part (h2 < p/2) of interface.
For the single-inclusion problem (DX =1) the peak rqq(h2) value
is 1.417, whereas for DX = 2.2maxrqq(h2) = 3.295. It terms of
strength, it means that one can expect the interface crack onset un-
der the far load well below that predicted by the one-particle mod-
el (e.g., Manticˇ, 2009). And, although we have the equal stress
concentration on both the interfaces, it is not necessary that two
cracks will develop simultaneously. Due to inevitable ﬂuctuation
of interface strength, the probable event is the crack onset at the
only one (say, the ﬁrst) interface. What will happen next?
To answer this question, we introduce the crack at the ﬁrst inclu-
sion interface so that hð1Þc ¼ 0 and solve the problem again. An anal-
ysis shows that debonding of the 1st interface unloads the second
inclusion in the area where the peak stress was observed earlier. In
Fig. 5, the stressrqq(h2) variationalong the interfaceof 2nd inclusion
is shown for hð1Þd ¼ p=4: As seen from the plot, the interface crack af-
fects greatly the stress ﬁeld in the area between inclusions. For all
consideredDX, the maxrqq(h2) does not exceed the value observed
on the isolated inclusion and for DX = 2.2, rqq(p) is almost zero. It
seems plausible that the interface crack formation on a given inclu-
sion prevents debonding of the nearest neighbor inclusions (at least,
some of them). As to the stress relaxation degree, it depends on the
crack size hð1Þd and the distance between the inclusions. In Fig. 6,
the stress rqq(h2) is shown for DX = 2.5; as computations show,
the relaxation effect is quite pronounced even for a relatively small
ðhð1Þd ¼ p=10Þ interface crack and becomes more substantial with
the crack propagation.
The well-known inherent peculiarity of the mixed boundary-va-
lue problem for the open (traction-free) interfacial cracks (e.g., Toya,
1974) consists in the displacement and stress oscillations a vicinity
of the crack tip. It means that, starting from a certain distance from
the crack tip, the upper and lower faces of the crack overlap one an-
other.Noteworthy, theproposeddisplacement solutionprovides the
displacement and stress ﬁelds evaluation in any point including the
interface. Hence, it enables direct estimate of the overlapping zone
size by checking the sign of DuqðhÞ ¼ uð1Þq ðhÞ  uð0Þq ðhÞ; uð1Þq and uð0Þq
being the normal displacement of inclusion and matrix side of the
interface crack, respectively. The obtained in this way value of the
ﬁrst interpenetrationpoint is consistentwith the SIF-basedestimatethe 1st inclusion with interface crack.
Δ
Δ
Δ
Δ
Δ
Fig. 4. Interface stress rqq(h) at 2nd inclusion (perfect bonding).
Δ
Δ
Δ
Δ
Δ
Fig. 5. Interface stress rqq(t) at 2nd inclusion (h
ð1Þ
d ¼ p=4) as a function of the inclusion separation DX.
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the ﬁrst interpenetration point value (distance to the crack tip), cor-
responding to the numerical data shown in Fig. 6.
An analysis shows that in all the considered test problems the
oscillation region is conﬁned to a small area around the crack tips.
As seen from the table, its size is governed mainly by the crack
length whereas an effect of DX is relatively small. Hence, the
many-inclusion open-crack model provides a good approximation
to the elastic ﬁelds in a vicinity of the crack tips and can be used in
the assessment of crack propagation.
After the interface crack onset, with some ﬁnite initial size (see,
e.g., Manticˇ, 2009), its further growth is governed by the linear
fracture mechanics parameters, namely, the stress intensity factors
and the energy release rate. Given by the formulas (40) and (42),
respectively, these parameters for a given interface arc crack are af-
fected by the neighbor inclusions/cracks. One example of the
crack–crack interaction effect was considered above, see Table 1.
It is seen from there that the SIFs KI and K

II can vary widely
depending on the distance between the inclusions. In Fig. 7, Kð1ÞIis plotted as a function of crack semi-angle hð1Þd and separation
DX. Here, the geometry is the same as in the previous test prob-
lems (Figs. 4–6), i.e., hð2Þd ¼ 0: Noteworthy, Kð1ÞI value of for the
small crack is close to the stress concentration between the per-
fectly bonded inclusions, see Fig. 4. It seems plausible because, in
this case, the stress ﬁeld between the inclusions is weakly affected
by the crack and can be considered as a far load for a single straight
interface crack. With hð1Þd increase, the K
ð1Þ
I absolute value reduces
and the interaction effect diminishes.
The energy release rate (ERR) as the interface crack propagation
governing parameter has been widely discussed elsewhere: for ref-
erences, seeMurakami (1988). In thework by Toya (1974), the ERR-
based debonding criterion for the interface of circular inclusion has
been suggested and applied to evaluate the equilibrium interface arc
crack size. Likewiseall aboveconsideredparameters, ERR is alsocon-
tributed from the elastic interaction between the inclusions. It
means that the interface crack propagation/stopping is mediated
by the neighbor inclusions. In Fig. 8, the normalized ERR Gð1Þ1 =G0 cal-
Fig. 6. Interface stress rqq(t) at 2nd inclusion (DX = 2.5) as a function of crack size h
ð1Þ
d .
Table 2
The ﬁrst interpenetration point value as a function of hð1Þd and DX.
hð1Þd
DX =1 DX = 5.0 D X = 3.0 DX = 2.5 DX = 2.2 DX = 2.1
p/6 1.09  107 1.23  107 1.53 107 1.09  107 4.41  108 2.86  108
p/4 1.64  105 1.89  105 2.21  105 1.65  105 1.06  105 8.66  106
p/3 2.50  103 2.29  103 3.18  103 2.57  103 1.97  103 1.76  103
Fig. 7. Stress intensity factor Kð1ÞI as a function of h
ð1Þ
d and DX.
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separationDX. As expected, in the caseDX =1we come to the Toya
(1974) result (dash-dot-dotted curve), with the maximum ERR
Gð1Þ1 ðhð1Þd Þ ¼maxhð1Þ
d
Gð1Þ1 ðhð1Þd Þ reached in the point hð1Þd  p=3. With
DXdecrease,Gð1Þ1 =G0 grows regardless of crack sizewhereas the peak
ERRvalue is reached for the smaller cracks as comparedwith the sin-
gle inclusion case.
And, to complete our brief numerical study, we consider one
test problem demonstrating how the number of inclusions andtheir arrangement can affect the ERR. Three model geometries un-
der study are shown in Fig. 9: there, hð1Þd ¼ hð2Þd ¼ p=3 and
hð1Þc ¼ hð2Þc ¼ 0: The equal distance D X between the neighbor inclu-
sions is provided in all three cases. In Table 3, the ERR values
GA ¼ Gð1Þ1 =G0 and GB ¼ Gð1Þ2 =G0 are given for three considered geom-
etries and separation DX equal to 2.2, 2.5, 3.0 and 5.0. For compar-
ison, the single-inclusion problem (DX =1) yields GA = GB = 4.136.
As seen from the table, the energy release rate depends on the dis-
tance between the inclusions as well as (and to a greater extent) on
their arrangement type. It appears that for the two-inclusion
Δ
Δ
Δ
Δ
Fig. 8. Normalized energy release rate Gð1Þ1 as a function of h
ð1Þ
d and DX.
(a) (b) (c)
A
B
Fig. 9. Test problem geometry: Np = 2 (a), Np = 3 (b) and Np = 4 (c).
Table 3
Energy release rate: an effect of interaction.
DX Np = 2 Np = 3 Np = 4
GA GB GA GB GA GB
2.2 4.89 4.48 8.75 3.23 6.13 4.99
2.5 4.62 4.36 6.71 3.41 5.48 4.85
3.0 4.49 4.29 5.50 3.66 5.11 4.81
5.0 4.27 4.20 4.44 4.01 4.58 4.51
V.I. Kushch et al. / International Journal of Solids and Structures 47 (2010) 1961–1971 1969geometry (a) the ERR values GA and GB are close to each other and
only slightly dependent on DX. The considerably higher GA value is
observed for Np = 4 and especially for Np = 3 (model (b)). At the
same time, for this geometry GB falls well below the value pre-
dicted by the single-inclusion model. One can expect that in this
case the interface cracks will grow intensively toward each other
with probable subsequent kinking into the matrix and coalescence.
6. Conclusions
An analytical method has been developed and the exact solution
has been obtained of the elasticity problem for a plane containing a
ﬁnite array of partially debonded circular inclusions, regarded as the
open-crack model of ﬁbrous composite with interface damage. The
general explicit solution of the single-inclusion problem has beenderived by combining the complex potentials technique with the
newly derived series expansion formulas.Written in displacements,
this solution is valid for any non-uniform far load and takes the
closed form in the caseof polynomial far ﬁeld. Applying the superpo-
sition principle expands this theory to the multiple inclusion prob-
lem and provides an efﬁcient analytical tool for studying the
elastic interaction between the partially debonded inclusions.
The presented numerical data show an accuracy and numerical
efﬁciency of the proposed method and discover the way and extent
to which the elastic interaction between the partially debonded
inclusions affects the local ﬁelds, stress intensity factors and the en-
ergy release rate at the interface crack tips. These results clearly indi-
cate that the interaction effects are too substantial to be neglected. It
is particularly true for the ﬁbrous (high-ﬁlled, as a rule) composite
material: in order to predict the interface damage onset and propa-
gation in this composite, the interaction between the ﬁbers/cracks
should be taken into account to a maximum possible extent.
The considered boundary-value problem can be regarded as a
ﬁnite cluster model of ﬁbrous composite with partially debonded
ﬁbers. What is important, the developed approach provides also
a theoretical basis on which an advanced representative unit cell
model (e.g., Kushch et al., 2008) of ﬁbrous composite with interface
damage can be built. These models will be studied in detail in the
subsequent paper (Kushch et al., in preparation).
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Appendix A. The Rk(f) and Xk(f) functions
Here, we summarize the relevant to our analysis properties of
the functions Rk(f) (17) and Xk(f) (20). First, we remind that these
are the multi-valued functions and we ﬁx their single-valued
branches by the conditions
lim
jfj!1
RkðfÞ=f ¼ 1; limjfj!1XkðfÞf ¼ 1: ðA:1Þ
For computational purposes, it is advisable to re-write (17) and (20)
satisfying (A.1) as
RkðfÞ ¼ fð1 fd=fÞ
1
2þikð1 fd=fÞ
1
2ik; jfj > 1;
ðfdÞ2ikð1 f=fdÞ
1
2þikð1 f=fdÞ
1
2ik otherwise;
(
ðA:2Þ
XkðfÞ ¼
1
f ð1 fd=fÞ
1
2þikð1 fd=fÞ
1
2ik; jfj > 1;
ðfdÞ2ikð1 f=fdÞ
1
2þikð1 f=fdÞ
1
2ik otherwise:
8<
: ðA:3Þ
In (A.2) and (A.3), the complex powers are understood in the prin-
cipal value meaning, i.e., in a way it is implemented in most pro-
gramming languages.
The following feature of these functions makes them particular
useful for the interface arc crack problemMuskhelishvili, 1953. For
the interface points t 2 L = Lb + Lc, where Lb and Lc are the bonded
and separated, respectively, parts of interface L, we have
Rk ðtÞ ¼ Rþk ðtÞ; Xk ðtÞ ¼ Xþk ðtÞ; t 2 Lb; ðA:4Þ
Rk ðtÞ ¼ kRþk ðtÞ; Xk ðtÞ ¼ kXþk ðtÞ; t 2 Lc;
where (+) and () denote the limiting function values where f ap-
proaches L from the matrix and inclusion side, respectively. This
is a key point: starting from (A.4), one can construct the solutions
satisfying the mixed boundary conditions (Muskhelishvili, 1953).
Now, we ﬁnd expansions of Rk(f) and Xk(f). As seen from (17)
and (20), these functions are the self-conjugated, i.e.,
RkðfÞ ¼ RkðfÞ; XkðfÞ ¼ XkðfÞ; ðA:5Þ
therefore, their power series expansion coefﬁcients are real num-
bers. Speciﬁcally,
RkðfÞ ¼
P1
n¼0
Rð1Þn ðfd; kÞðfÞ1n; jfj > 1;
P1
n¼0
Rð2Þn ðfd; kÞðfÞn otherwise;
8><
>: ðA:6Þ
where
Rð1Þn ðfd; kÞ ¼
k2 þ 14
 
p
coshðkpÞ ð1Þ
n
Xn
k¼0
fdð Þ2kn
k!ðn kÞ!C 32 kþ ik
 
C 32þ k n ik
  ðA:7Þ
and
Rð2Þn ðfd; kÞ ¼ ðfdÞ2ikRð1Þn ðfd;kÞ: ðA:8Þ
The analogous series expansions of Xk(f) take the form
XkðfÞ ¼
P1
n¼0
Xð1Þn ðfd; kÞðfÞðnþ1Þ; jfj > 1;
P1
n¼0
Xð2Þn ðfd; kÞðfÞn; otherwise;
8><
>: ðA:9Þwhere
Xð1Þn ðfd; kÞ ¼
ð1Þnp
coshðkpÞ
Xn
k¼0
 ðfdÞ
2kn
k!ðn kÞ!C 12 kþ ik
 
C 12þ k n ik
  ðA:10Þ
and
Xð2Þn ðfd; kÞ ¼ ðfdÞ2ikXð1Þn ðfd;kÞ: ðA:11Þ
The coefﬁcients RðjÞn and X
ðjÞ
n are the ﬁnite order rational functions of
fd whose generating functions are Rk and Xk, respectively. In
particular,
Xð1Þn ðfd;0Þ ¼ Pnðf0Þ; Rð1Þn ðfd; 0Þ ¼ P0nþ1ðf0Þ; ðA:12Þ
where Pn is the well-known Legendre polynomial and f0 = Re (fd). A
few ﬁrst terms of the expansions (A.9) appear in the solution of the
Eshelby-type problem, see Muskhelishvili (1953).
It is easily seen that the functions Rk(f) and Xk(f) are related
each other by
RkðfÞ ¼ ðf2  2f0fþ 1ÞXkðfÞ; ðA:13Þ
from where one ﬁnds
RðjÞn ¼ XðjÞn  2f0XðjÞn1 þ XðjÞn2; j ¼ 1;2: ðA:14Þ
Another obvious identity is
RkðfÞXkðfÞ  1; ðA:15Þ
by substituting here the expansions (A.6) and (A.9) we obtain, after
simple algebra,
Xn
m¼0
RðjÞm ðfd; kÞXðjÞnmðfd;kÞ ¼ dn0; j ¼ 1;2; ðA:16Þ
where dnm is the Kronecker delta. This remarkable formula is partic-
ularly suitable for inverting the linear systems with the coefﬁcients
RðjÞn and X
ðjÞ
n , e.g., Eq. (24).
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